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Taylor Series

o If we expand a function f at point a, then it must be of the following form
GEDY
n=0

)(a
= ) +

f'(a) f"(a) 2

T(m—a)—i—T(x—a) +.
This series is called Taylor series about a. For the special case when a = 0,
we have

o S70) fla) . f"(a)
f(z) = Z " )" = f(a) + T$+ sz + ...
n=0
It has the special name Maclaurin series.
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Binomial Series

o If k is any real number and |z| < 1, then

— [ k
(1+x)k:E < )x”zl—i—kx—l—
n
n=0

k(k—1) ,
Tm + ...
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Example 1.1

1. Find a power series representation of
= oo
@3 et %

(1" 2n+1
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flz) = ztan'z

© 3 (-1)"2n2>
n=0
(© i 2;5; Z2n+2
n=0
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Example 1.2

4. Use the binomial series (or any other method) to find the Maclaurin series for

n—D

flz) =
@ Z( G

1
2n+2

@+ 22)2
. (b)Z( 1)
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n=0
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n=0
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Example 1.3

5. Find the Taylor series for f(z) = Inz centered ata = 3
o (7 'n+1
(a) h13+z z—3)" () 1113+Z (z—3)"
rH»l 'n
(©) In3 + Z =y (z—3)" (@) In3 + Z 3n+1
( )n+1
(e)1u3+z T (z—3)"

+1
(z—3)"
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Series Representation
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Example 1.4

20. Which of the following is equal to ( L;: 3) ?

@ (2B T Crt D) 20508 B d)

B — =2
2583%(3 1) 2.5-8 37?3! 4) "
5.8 -(3n— -8 (3n—

o-)y———— -1 n=2
3.5.7 b (3n2 "
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© Differential Equations
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Separable Equations

@ A separable equation can be written in the form

dy
de g
@ To solve this equation we rewrite it as

(@) f(y):

h(y)dy = g(x)dz.
@ Then we integrate both sides of the equation:

/h(y)dy = /g(ﬂﬂ)da3

solve for y in terms of z.

@ This equation defines y as a function of z. In some cases we may be able to
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Linear Equations

@ A first-order linear differential equation can be put into the form
dy

I, TPy =Q()

where P and @ are continuous functions on given interval.

@ The general solution for this equation is given by

75! / [(2)Q(x)dz + C]
where

I(x) = exp (/ P(z)dx)
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Example 2.1

12. Solve the initial value problem

(zlhz)y +y=2"e"  yle)=1
T ] — estl z 1 1—e° 1
(a)y:ze +h1xe (b)y:e($+ )+ ef(e+1)
I . _ el —
©y=""0 1”139: ezl gy
T2 _ e s2
(e)y:e (z*—1) +ln1z ef(ef — 1)

Inz
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Differential Equations
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Example 2.2

14. Find the orthogonal trajectories of the family of curves

- 1
MEREEOE

@y=(3z+0)" 2

@y=(2z+0)*"

xr

©y= (gﬂ: + 0)3/7
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Example 2.3

16. Solve the initial value problem

2 2ry = cosz, y(m) =0.
X
(cosz) +1 3sinz (cosz)+1
(a)y=3T b y= o ©y= o
2sinz sinz
Dy=—7— (@y=—7
T T
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Parametric Equations

@ Suppose that = and y are both given as functions of a third variable ¢ by the
equations

@ Each value of t determines a point (x,y), which we can plot in a coordinate
a particle at time t.

plane. In many applications, we can interpret f(t) and g(t) as the position of
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Polar Coordinates
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Example 3.1

@

16. Sketch the parametric curve z = \/E, y=sint, 0 <t <27
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Example 3.2

17. Find the cartesian equation of the parametric curve z = 1 4 &%, y = &,

@a=y -1 My@=2-1 @©*=7-1 z=¢+1 @y=,/z-1
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Example 3.3

17. Find a cartesian equation of the parametric curve z = 2cost, y = 1 + sint.
@z +y=1

@T+E-1"=1 M3+y=2 OF+¥'=2 @+ =1
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Additional Examples Related to Graphs

(1o}

Example 4.1

11. Which of the below graphs could be the graph of a function that satisfies the following

differential equation?
¥ =ylz=2)(z-3)
(@) ®) =0
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Additional Examples Related to Graphs
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Example 4.2

19. Use the graphs of = = f(¢) and y = g(t) below to sketch the parametric curve = = f(t),

y=glt)
@ ®) ©
« 5 »
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© Application of Integration
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Area of A Surface of Revolution

@ The size of the area is

S = 2nhL

o L is length of f(x). By the Arc Length Formula, L = [;" \/1+ [f'(2)]?dx
which implies S = fb 2 f(x

W1+ [f(@)2de = [; 2my\/1+ ( dy)de
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Application to Physics and Engineering

@ Hydrostatic Force F' is given by

F=mg=pVg=pAdg
where A is surface area and d is depth.

@ The pressure P is defined as

e

P =

S

pgd

=] = = = o



[e]e] Tele]
Example 5.1

the y-axis.

@(R+m2) M Er @©n(Z+m2) (@) fc (&) 7(F+mn3)
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10. Find the area of the surface obtained by rotating the curve y = % +35, 1<z <2 about
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Example 5.2

13. A trough 1s filled with water and its vertical ends have the
shape of the parabolic region in the figure to the right
Find the hydrostatic force on one end of the trough.

(@) 36251 (b)32.6251 () 3862510 “
(@ %2 512 62,510 (e) 2Lt 5“ -62.51b

gt ———
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Example 5.3

side of the plate

19. A triangular plate with height 5 m and a base of 7m is submerged vertically in water (whose
density is p) so that the top is 2 m below the surface. Find the hydrostatic force against one

@%pg ®3Fpg (© Blpg @) 1Bpg (e)30pg
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Thank You and Good Luck!
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